This paper presents expressions for the linear crosstalk and the resulting error rate degradation in a photonic switch based on on/o gates, considering cyclostationary interference among digital signals. The periodically time-varying interference accounts for the dependences of an error probability both on the spectrum of transmitted signals and on random bit-skews between channels. This paper quantitatively veri es the intuitions that bit-aligned channels increase the crosstalk power penalty, and that a sharp modulating pulse improves an error probability. These dependencies on spectrum and bit-skews become noticeable at high crosstalk levels caused by either a low contrast ratio or a large switch size.
Introduction
As signals pass through a photonic switch, crosstalk between signals degrades signal quality, and limits the size of an optical switching network. Thus, it is important to predict the crosstalk of a photonic switch design. Crosstalk has been estimated not only for photonic switches 1] 2], but also for various optical devices such as wavelength multiplexers, multichannel lters 3], and ampli ers 4]. However, these analyses have used only time-averaged values directly rather than sampled values, neglecting the cyclostationary nature of digital signals. The cyclostationarity of signals means that their statistical quantities vary periodically in time with period equal to the symbol interval. In addition, most analyses assumed that all the interfering channels are bit-aligned, which is not the case in practice. Inoue analyzed crosstalk in a multichannel laser ampli er when the di erent channels are not synchronized 5]. However, since his analysis resorts to a discrete random variable approach, it cannot explain the dependence of crosstalk on the shape of the pulses modulating a laser.
In this article, we derive expressions for error rate degradations caused by linear crosstalk between channels in a multichannel intensity-modulation/direct detection (IM/DD) system. Incoherent interference between channels accounts for linear crosstalk in IM/DD systems. The analysis takes into account both the spectrum of digitally-modulated signals and random bit-skews between the crosstalk channels. This approach is necessary because the crosstalk is relevant only at the decision instants in the receivers. Depending on the pulse shape or the bit-skew, any time variation of interference with respect to the sampling instants changes the e ect of this crosstalk. Applying our analysis to a photonic crossbar switch based on on-o gates, we determine the error rate and the maximum size that crosstalk allows the switch to reach. But this analysis is equally applicable to wavelength multiplexers, multichannel lters, and ampli ers in which linear crosstalk is present. We consider thermal noise from a receiver circuit and spontaneous emission noise from optical ampli ers, as well as multichannel crosstalk, as sources deteriorating the error rate. This paper is organized as follows. Section II shows that both bit skews and the transmitted spectrum a ect the mean square interference. To show the e ects of both factors, Section III calculates the bit error rate (BER) in the case of random bit skews, and Section IV shows how this bit error rate changes as the transmitted power spectrum varies. Section V applies the analytic technique developed in previous sections to determine the BER degradation in a photonic switch based on on/o gates.
2 Mean square interference Fig. 1 shows a crossbar switch implemented with semiconductor optical ampli ers as gates. Optical power from other channels leaks into the desired signal path, both through gate ampli ers that shut o nonideally, and through power additive output couplers, causing linear crosstalk between incoherent 1 channels. Linear crosstalk, found in many multichannel optical devices, can be modeled as a combination of a linear lter X(f) and an adder in the baseband equivalent model of an IM/DD system, as in Fig. 2 . H(f) represents the channel response, including the transmit lter and the receiver lter responses. Its inverse Fourier transform, h(t), is the shape of a received pulse. The transmission of a discrete-time sequence of binary data, a n , over a continuous-time optical channel takes the form of the random process u(t) = I 0 + I 1 X n a n p(t ? nT); (1) where u(t) is the envelope of an on-o -keyed optical pulse train, p(t) is the pulse shape of a transmitted signal, T is the symbol time, I 0 is the bias of the laser output, and I 1 is a peak-to-peak value of the laser output. Here all the signals are referred to the receiver current to which direct detection converts optical intensity. We assume the receiver current, I, is proportional to an optical power, P, i.e., I = rP, where r is the responsivity of the receiver. The modulated signal u(t) is not a wide-sense stationary (WSS) process because its autocorrelation is not independent of time t. Suppose that a n is a wide-sense stationary (WSS) random sequence with samples taking values 0 or 1, and that it possesses a power spectral density S a (exp(j2 fT)). Then the mean and the autocorrelation of u(t) exhibit periodicity with period of T, and such a signal u(t) is termed a cyclostationary process 6]. When multiple channels exist, the input signals to the other channels, v i (t), interfere with the desired signal, u(t), and the crosstalk from the i-th channel can be expressed as y i (t) = v i (t? i ) x(t) h(t), where is convolution, x(t) is the impulse response of crosstalk source, and i the bit-skew or clock phase di erence between the i-th channel and the signal channel of interest. If we denote the receiver noise as n(t) and the total interfering signal as y T (t) = P i y i (t), the receiver output signal can be written as z(t) = u(t) h(t) + y T (t) + n(t): (2) Since the uctuation of y T (t) over time degrades the error rate of the link, we introduce a centered process,ỹ i (t) = y i (t) ? Ey i (t), where Ey i (t) signi es the mean value of y i (t).
The interference from the i-th channel,ỹ i (t), is a cyclostationary process since u(t) is cyclostationary and cyclostationarity survives after ltering. Thus, the mean square interference (MSI) ofỹ i (t) is periodic, and can be represented with a Fourier series. Appendix A shows that this MSI from the i-th channel is given by
where the inner expectation is taken over the ensemble fa n g and the outer over f i g. The
Fourier coe cients of MSI are the product of the characteristic function of the bit-skew distribution, i (f) = E exp(j2 f i )], and a spectral overlap integral, k . The k-th order overlap integral (see Appendix A) is given by
where Y (f) = P(f)X(f)H(f) is the frequency response that an interfering channel experiences, and S v (f) = I 2 1 S a (e j2 fT )=T is the time-averaged power spectral density of a centered signal. When the mean of fa n g is not zero, S a (e j2 fT ) must be replaced by S a (e j2 fT ) ? (Ea n ) 2 (f). Since S v (f) is real and periodic with period f c , m is conjugate symmetric, i.e., k = ?k .
If the disturbing channels carry independent data streams, the total mean square interference is equal to the sum of the mean square interferences of each channel. After symbol-time sampling (f c = 1=T), the total MSI, i.e., the sum of MSIs, at the decision instants (t = t s ), determines the BER of the link. Just as receiver noise does, crosstalk increases error in decision circuits. The following section describes how this total MSI determines the BER for di erent clock distributions among channels.
Nonsynchronous clocks
Simply using the worst-case eye closure of a received signal, 7] calculates the BER in the presence of multichannel crosstalk. A vertical eye opening is a measure of noise immunity; the wider the vertical opening, the greater the noise immunity. De ne the extinction ratio of a modulated signal and the contrast ratio of a switch as R = I 0 =(I 0 + I 1 ) and C = G on =G off respectively, where G on and G off are the turn-on and the turn-o gains of the ampli er with respect to optical powers. If all the channels are bit-aligned, we can treat a sampled signal as a discrete random variable. When k interfering channels have a bit \1", the signals sampled without noise are z 1;k = (I 0 + I 1 ) (1 + k=C + (N ? k ? 1)R=C)) for \1" and z 0;k = y 1;k ? I 1 for \0". Here, the sampled current value is I 0 for \0" and I 0 +I 1 for \1" for each channel. The worst-case eye closure occurs when the lowest value is received among all detected \1"s (z 1;0 ), and when the highest value is received among all detected \0"s (z 0;N ?1 ). When Gaussian noise corrupts the received signal, the BER is given , and each channel transmits \1" with probability p independently. Here, 2 n is the receiver noise power. This worst-case eye-closure analysis overestimates the BER because the data sequence producing the worst-case crosstalk happens with a very low probability.
Weighing the BER of each eye opening with the probability that the eye opening occurs, 4] and 8] estimate the BER as follows: 
This uctuation degrades the BER just as receiver noise does. Considering crosstalk as another Gaussian noise, independent of receiver noise, yields a BER as follows: 
Equation (8) presupposes a xed crosstalk, 2 x in (7), assuming that all the channels are bit-aligned. However, when the bit-skews between channels are not known, the crosstalk, 2 x , is not constant but rather is a random variable. We identify 2 x with the total MSI sampled at the decision instants, P m i (t s ). Typical optical systems have receiver lters which are band-limited to f c to reduce receiver noise. Then terms with order higher than one (k > 1) in (3) : (11) 4 Transmitted Power Spectrum
The transmitted power spectrum determines the overlap integral, k in (4), and thus a ects the amount of crosstalk via (9) and the BER via (11) . This section studies the e ect of the spectrum on the BER, considering a raised-cosine pulse that is widely used in digital transmission because it is free of inter-symbol interference on an ideal channel 10]. Most optical channels are ideal in the sense that a narrow electrical bandwidth experiences a nearly at frequency response. Thus, H(f) and X(f) become just constants; X(f) = 1=C and H(f) = L, where C is the contrast ratio of a switch and L is the total coupling loss present in the switch. The power spectral density of a modulated signal is also at if the data are independent and identically distributed, i.e., S v (f) = p(1 ? p)I ; (12) where is a value between zero and one. As increases, the pulse sharpens and its bandwidth increases. Thus, is called the roll-o factor, and represents an excess bandwidth. A large excess bandwidth also widens the horizontal eye opening of a received signal. The wider the horizontal eye opening, the greater the immunity to timing jitters. The horizontal eye closes for a sinc pulse with zero excess bandwidth 10]. As the horizontal eye narrows, the eye thickens and the crosstalk becomes insensitive to bit-skew. For instance, when the interfering channel carries a sequence of \1"s, a sinc pulse with = 0 exhibits the same level of crosstalk on every sampling point of time because P k sinc(t ? k) = 1 for any t. As increases, the crosstalk depends more heavily on the sampling time. The crosstalk is most severe when the peak of an interfering pulse coincides with the sampling time of the signal channel, and becomes smaller when the peak is distant from the sampling time. As long as their peak values, maxp(t), are equal in the time domain, all the pulses have the same worst-case MSI, max (7), independent of bit-skews, and a discrete random analysis (8) predicts its BER accurately. However, with increasing , the average crosstalk, 0 , decreases, and thus, the BER decreases. Even if all values of guarantee no interference among symbols on a channel, crosstalk between channels is present and varies with . The following section presents numerical examples of this dependence of the BER on the bandwidth of the modulating pulses in the case of photonic crossbar switches based on on/o gates.
Crosstalk in photonic switches
We have obtained a BER expression for a system with many bit-skewed crosstalk channels in the previous sections. This section analyzes the BER of a photonic crossbar switch as a function of switch design parameters such as the switch size and the contrast ratio. To consider BER degradations caused by receiver noise as well as multichannel crosstalk, we need to estimate noise power coming from a receiver and optical ampli ers.
Consider an N-by-N crossbar switch based on on/o gates, such as the semiconductor optical ampli ers illustrated in Fig. 1 . In well-designed optical receivers, signal-spontaneous beat noise and thermal noise dominate spontaneous-spontaneous beat noise. In addition, shot noise approaches Gaussian statistics at high intensity. Then, the receiver noise can be approximated as Gaussian with variances 13) where J th represents the thermal noise current per square-root of Hz, and I sp is the spontaneous emission noise current 11]. Table 1 lists the values of the variables used in the calculation if not speci ed in the following plots. We use an optical bandwidth B o equal to 10 GHz and an electrical bandwidth B e = 1=T equal to 100 MHz as 4] did. The optical losses present at the input and output side of the switch, L in and L out , both equal 5 dB.
Although a large output loss increases the impact of receiver noise on the BER, the switch loss doesn't a ect crosstalk, since both the interfering and the signal channels su er the same loss. Note that (13) also holds for passive gates, provided I sp = 0. We assume that the channels are statistically independent of each other, and that the saturation power of the gate ampli ers is high enough to make their gains insensitive to the input power.
If the size of a switch is large enough (N > 10), we can resort to (10) for error rate calculation in the case of arbitrary bit-skew distributions. The error rate is a ected by the transmitted power spectrum, the size of a switch N, the contrast ratio C, and the extinction ratio R. Since the dependence on the extinction ratio is well studied in 4], we will show the dependence on the other parameters with a xed value of R = 0:05 as shown in Table 1 . Fig. 3 plots the BER versus the average received optical power at the input of a 16-by-16 switch for three di erent bandwidths of raised-cosine pulses. The error rate calculation uses a contrast ratio of 15 dB. As explained in Section IV, the e ective crosstalk decreases as a bandwidth increases. A zero excess bandwidth pulse incurs about 1 dB optical power penalty 2 with respect to a = 1 pulse. Since a zero excess bandwidth pulse always experiences the worst case crosstalk regardless of bit-skews, the = 1 curve corresponds to the BER predicted by a discrete random variable approach (8) , which fails to account for the spectrum dependence of the BER. For comparison, the uppermost curve shows the prediction given by a worst-case eye-closure analysis (5), which further overestimates the BER. Fig. 4 shows the dependence of BER on the contrast ratio in the case of a = 1 pulse with uniformly distributed random bit-skews. With 30 dB contrast ratio, almost no BER degradations are found. However, as the contrast ratio decreases, the BER increases steeply. The minimum detectable power (MDP) of a switch, for a given receiver, is de ned as the minimum average input optical power required by the switch to assure receiver operation at a BER of 10 ?9 . The higher the MDP value, the less sensitive a system is. The MDP for a 15 dB contrast ratio is 1.5 dB higher than that for a 30 dB contrast ratio, which translates into a BER degradation by three orders of magnitude.
The dependence of MDP on the contrast ratio is illustrated in Fig. 5 . Here G on is xed at 20 dB, and G off varies from -20 dB to 10 dB. The currents injected into the gate ampli ers control these gain values. In the region of a contrast ratio less than 15 dB, where crosstalk dominates receiver noise, the MDP decreases with increasing contrast ratio. However, as the contrast ratio grows further, the MDP bottoms out. These MDP oors show a receiver noise limit, where both electrical and optical noise sources dominate crosstalk. As thermal noise, J th , grows, the MDP oor rises. The unit of J th is pA/ p Hz in Fig. 5 . Averaging timevariant MSIs over random bit-skews (10) yields the solid curves, while assuming bit-aligned crosstalk (8) produces the dashed curves in Fig. 5 and Fig. 6 . The assumption that all the crosstalk channels are synchronized overestimates the crosstalk especially for low contrast ratios, setting the upper limit of the MDP in the worst case. No reliable switching is possible below a 13 dB contrast ratio for the case of random bit-skews, and below a 14 dB contrast ratio for bit-aligned or skew-free crosstalk. Fig. 6 shows the dependence of the MDP on the size of the switch with thermal noise J th equal to 4 pA/ p Hz. As the number of crosstalk channels increases, the minimum detectable power grows. A large switch needs large contrast ratio to have low MDP. The bit-aligned assumption underestimates the maximum switch size N max ; N max is 20 for bit-aligned crosstalk and 40 for random bit-skew, when the contrast ratio is 15 dB. The relationship between the maximum switch size and the contrast ratio can be attained for skew-free crosstalk. For a given signal-to-crosstalk ratio, 5 dB higher contrast ratio allows ten times larger maximum switch size since SXR = I 
Conclusion
We have considered the cyclostationary nature of digital signals and a baseband equivalent model for a multichannel IM/DD system, and have derived expressions for the mean square interference and the resulting bit error rate applicable to the analysis of any lin-ear crosstalk problem present in various types of photonic switches, wavelength multiplexer/demultiplexers, multichannel ampli ers, etc. We have found that both the bit-skews between channels and the transmitted power spectrum determine the mean square interference. In general, as the sampling times of the channels align or as the bandwidth of the modulating pulses decreases, the crosstalk becomes more severe.
To demonstrate the usefulness of the derived expressions, we analyzed the linear crosstalk in a photonic crossbar switch with random bit-skews between channels and a raised cosine pulse. The error rate increases as either the switch size or the extinction ratio increase, or as the contrast ratio decreases. A 16-by-16 switch achieves a crosstalk power penalty less than 3 dB when the contrast ratio is higher than 14 dB. The maximum switch size that the crosstalk allows is proportional to the square of the contrast ratio. For instance, for random bit-skew, N max is 26 for a contrast ratio of 15 dB, and 256 for 20 dB. On the other hand, for bit-aligned crosstalk, N max is half that for random bit-skew, and the minimum contrast ratio possible for bit-aligned crosstalk is 1 dB higher than that for random bit-skews.
Appendix
The following derivation is a modi ed version of Campbell's result 12]. The Fourier transform of a stochastic process v(t) is a stochastic process V (f) 13]. The autocorrelation of V (f) can be expressed in terms of the two-dimensional Fourier transform of the autocorrelation R v (t 1 ; t 2 ) of v(t).
For a random pulse train v(t) = P a n (t ? nT) with zero mean, ? v (f 1 ; f 2 ) is given by S a (e j2 f 2 T ) P (f 1 + f 2 ? nf c )=T, where S a (e j2 fT ) is the power spectral density of digital data a n . When a phase is given, a ltered signal y(t) = v(t? ) h(t) has a frequency-domain 
